Quantum fluctuations of the vacuum stress-energy tensor are highly non-Gaussian, and can have unexpectedly large effects on the spacetime geometry. In this paper, we study a two-dimensional dilaton gravity model coupled to a conformal field theory, in which the distribution of vacuum fluctuations is well understood. By analyzing the geodesic deviation in this model, we show that a pencil of massive particles propagating on this fuzzy spacetime eventually converges and collapses. The collapse time depends on the velocity of the congruence of particles, but for ultra-relativistic particles the collapse probability as a function of time converges to an exponential distribution, consistent with our earlier analysis of null geodesics [Phys. Rev. Lett. 107, 021303 (2011)]. We thus find further evidence for the influence of vacuum fluctuations on the small scale causal structure of spacetime.
I. INTRODUCTION
Quantum fluctuations of vacuum energy are highly non-Gaussian, and can have unexpectedly large effects on spacetime geometry. In Ref. [1] , we studied the impact of the vacuum fluctuations of a conformal field on the causal structure of spacetime. In order to do this, we analyzed the Raychaudhuri equation for a pencil of light in a twodimensional dilaton gravity model for which the probability distribution for the fluctuations is exactly known; the dilaton field in this case played the role of a transverse area in the "missing" dimensions. We showed that the fluctuations of the stress-energy tensor lead to a sharp focusing of light cones near the Planck scale, breaking up the causal structure of spacetime at such small scales.
Additional evidence for this phenomenon, coming from perturbative algebraic quantum field theory, was obtained in Ref. [2] . The connection between vacuum fluctuations and spacetime geometry was further studied in Ref. [3] . However, since the exact probability distribution for the vacuum fluctuations is not known in four dimensions, in that case only the variance of the relative velocity and the mean squared distance fluctuation could be obtained through Riemann correlation functions.
On the other hand, in two spacetime dimensions the exact probability distribution for fluctuations of the stress-energy tensor is known, at least for conformal fields [4, 5] . Finite results require that the stress-energy operator be smeared by a test function, but as shown in [5] , the probability distribution for the fluctuations is given by a shifted Gamma distribution for a wide variety of smearings. This allows us to explore another aspect of vacuum fluctuations in dilaton gravity, which was neglected in [1] . Besides the direct effect on the dilaton, the vacuum fluctuations of the stress-energy tensor couple to the (two-dimensional) metric, inducing fluctuations of the spacetime itself. Pure Einstein gravity has no dynamics in two dimensions, since the Einstein-Hilbert action is a topological invariant. In dilaton gravity, though, the spacetime curvature is determined by the dilaton potential. Thus, once we find how the dilaton responds to vacuum fluctuations of a quantum field, we will be able to determine the fluctuations of the geometry and their effects on particle propagation. This is the main purpose of this work.
II. THE MODEL
Our two-dimensional dilaton gravity model can be obtained by dimensional reduction from higher-dimensional general relativity. Under such a reduction, the dilaton ϕ is essentially the transverse area element. In a previous paper [1] , we considered the direct effect of these fluctuations on ϕ, viewed as an area, by using a version of the Raychaudhuri equation in which the fluctuations acted as a stochastic noise term. Here we consider a slightly less direct process: fluctuations of the vacuum stress-energy tensor induce fluctuations of the curvature, which in turn affect the behavior of timelike geodesics. As we shall see, the two analyses lead to a consistent picture, in which vacuum fluctuations at the Planck scale lead to a rapid convergence of geodesics, the "collapse" of a pencil of geodesics, at that scale.
In a dilatonic theory, with the appropriate redefinitions, it is always possible to bring the action into the form [6, 7] 
with
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being the geometrical action and
being the action for the matter field. In what follows, we will take S M to describe a conformal field with central chargec = 1. We will approximate the vacuum fluctuations of the matter stress-energy tensor by their flat spacetime values; as we will see later, the geometry fluctuates around the Minkowski spacetime R = 0, so this is a good approximation for the background geometry. For a positive energy conformal field theory with central chargec = 1 in two-dimensional Minkowski spacetime, the right-moving/left-moving components of the smeared stress-energy tensor have probability distributions for individual measurements given by a shifted Gamma distribution [4] ,
where ∆ is the characteristic width of the smearing function.
The connection between geometry and vacuum fluctuations comes into being as follows. Varying the action (1) with respect to ϕ, we arrive at
This equation determines the curvature of the twodimensional spacetime in terms of the dilaton ϕ. The equation for the dilaton field is obtained through the variation of the action with respect to the metric g µν . It is given by
where T µν is the stress-energy tensor associated with the matter field, and T = 0 since we are dealing with a conformal field. We now make a few simplifications to the model. First, the potential V (ϕ) will be taken to be small near ϕ = 0; in this paper we consider the particular model
Next, since the vacuum fluctuations are highly centered around the average T R/L = 0, the curvature will also fluctuate around that of Minkowski spacetime. We will therefore approximate the covariant derivatives in (7) by partial derivatives since the spacetime is flat on average. With these simplifications, Eq. (7) yields
In light-cone coordinates, η = t − x and ξ = t + x, this equation becomes
with a simple solution given by
Now note that the average fluctuations of T R and T L are zero. If we set ∆ = 1-that is, choosing the width of the smearing function to be the Planck length-a simple calculation shows that P (−0.1 ≤ ω ≤ 0.1) ≈ 96%. It is thus clear that typical values of ϕ 2 are highly suppressed relative to ϕ. This provides a justification for our simplification V ∼ 0 in Eq. (7), and for our use of the flat spacetime probability distribution (4) .
By Eq. (6), the scalar curvature is now given by
and thus fluctuates with the components T R and T L of the stress-energy tensor. Now consider a pencil of massive particles with velocity v, i.e., a congruence of geodesics parametrized by proper time τ with worldlines vτ ) . The curvature scalar in this case reads
(13) Note that when v = 0, R fluctuates with the energy density T 00 = T R + T L (see [4] ). When 0 < v < 1, there is also a contribution from the momentum T 01 = T L −T R associated with the conformal field.
III. COLLAPSE TIME
The Raychaudhuri equation for a congruence of timelike particles in two dimensions is given by
Since in two dimensions the Ricci tensor R µν has the simple form R µν = 1 2 g µν R, we have, using Eq. (13),
To work with congruences of geodesics at the Planck scale, we set ∆ = 1 in Eq. (5). Given T R and T L , Eq. (15) can be solved exactly in terms of Bessel functions. We instead approached the problem numerically, using the software Mathematica [8] . We solved the equation in steps ∆τ = 1, with the initial condition at each step taken from the previous one and with θ(0) = 0, that is, an initially parallel pencil of particles. At each step, a numerical value for T R/L was randomly chosen using the probability distribution (4). It is easy to see that eventually the solution collapses, θ(τ 0 ) → −∞, where τ 0 is the "collapse time". This collapse time depends on the particular values of T R and T L , and changes from experiment to experiment. We performed 10 For an initial collection of stationary particles (v = 0), the average collapse time is given by t (v=0) f = 36.59t P , where t P is the Planck time. The histogram representing the relative frequency of events versus the collapse times is shown in Fig. 2(a) , while a typical "trajectory" of θ(τ ) is shown in Fig. 2(b) . Notice that the collapse of the pencil of geodesics occurs abruptly as a result of a large enough random fluctuation.
When the velocity of the pencil of massive particles is increased to v = 0.8, the average collapse time drops to t (v=0.8) f = 28.16t P . The histogram and typical trajectories for this case (Figs. 2(c) and 2(d) ) are similar to those of the stationary case, but the peak of the histogram is shifted to the left. n both cases, we could not find an exact expression for a distribution that fits each histogram.
Our most interesting result occurs for the case of ultrarelativistic particles, wherein v → 1 (Figs. 2(e) and  2(f) ). Here, the collapse time drops considerably to t (v→1) f = 8.54t P . The peak of the histogram now occurs at t f = 0, and an exponential distribution of the form 1/t f exp (−τ /t f ) fits quite well, as shown in Fig. 2(f) . In [1] we found the same behavior for the collapse of light rays, but there we were dealing with a stochastic equation with a time-independent source. Despite this different set-up, the result here for ultra-relativistic particles is completely consistent with the analysis of Ref. [1] , and reinforces the evidence for the influence of vacuum fluctuations on the causal structure of spacetime.
Finally, to show further evidence of the convergence of the collapse times as v → 1, we performed numerical experiments for velocities v close to 1. The results are shown in the inset of Fig. 1 , where the collapse time is plotted as a function of v(n) = 1 − 10 −n , with n = 0, 1, . . . , 13. We see that as n grows-that is, as the velocity approaches the speed of light-the collapse times approach the limiting value t
IV. CONCLUSIONS
The results presented here agree with those of our earlier work [1] : vacuum fluctuations at the Planck scale lead to a rapid "collapse" of a pencil of geodesics. This behavior can be traced back to a phenomenon known in probability theory as "Gambler's ruin", sometimes stated as the maxim that if you are betting against an opponent with infinite resources, you will always lose in the end. In [1] the behavior was fairly simple. Gravity is attractive: positive energy fluctuations cause geodesics to converge, while negative energy fluctuations cause divergence. In the probability distribution (4) most fluctuations are negative. But these are bounded below, while there is an infinite tail of positive fluctuations. When a large enough positive fluctuation occurs, the system can no longer recover: the nonlinear term in the Raychaudhuri equation (14) becomes dominant, forcing the expansion θ to −∞.
Here the analysis is more subtle due to the time and velocity dependence of the energy fluctuations in Eq. (15). Nevertheless, the qualitative behavior remains the same, and for velocities v near the speed of light, the quantitative behavior-the exponential distribution of collapse times shown in Fig. 2 (e)-matches our earlier results. As discussed in Ref. [1] , this behavior may have important implications for the small scale structure of spacetime: it is akin to "asymptotic silence" [9] , a phenomenon in which nearby points become causally disconnected from each other. 
